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Abstract 
In this communication, the feasibility of the nonlocal strain gradient theory for fields 
of applied mechanics is investigated. It is demonstrated that the nonlocal strain 
gradient theory is physically incorrect. It is proved that each of the nonlocal theory 
and the strain gradient theory can model, both, hardening and softening behaviors of 
materials. Moreover, it is proved that the nonlocal theory and the strain gradient 
theory describe the same physical phenomena, and hence the strain gradient theory 
cannot be merged with the nonlocal theory in a unified model. This short 
communication comments on a series of papers in which the nonlocal strain gradient 
theory was utilized in different areas of applied mechanics.  
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1. Introduction 
Eringen’s nonlocal theory has been proposed with the flavor of accounting for the non-neighbor 
interactions between the building units of the material microstructure [Eringen, 1972a; 1972b; Eringen and 
Edelen, 1972; Eringen and Kim, 1974; Eringen et al., 1977; Eringen, 1978, 1979]. Eringen’s nonlocal 
theory of linear elasticity emulates the classical theory in considering the infinitesimal strain as the 
fundamental measure of deformation. However, Eringen’s model incorporates an integral operator to sum 
the nonlocal residuals inside the material; this form is known as integral nonlocal theory [Eringen and Kim, 
1974; Eringen et al., 1977; Eringen, 1978, 1979]. In 1983, the integral operator was replaced by a 
differential operator introducing the differential nonlocal theory [Eringen, 1983].  
Eringen’s two forms of the nonlocal theory have been used in various studies. Integral nonlocal theory 
was used to investigate the dispersions of plane waves [Eringen, 1992], stress concentrations near a crack 
tip [Eringen and Kim, 1974], plasticity and damage of materials [Bazant and Jirasek, 2002], softening 
plasticity [Jirasek and Rolshoven, 2003], and mechanics of nanostructures [Pisano and Fuschi, 2003; 
Norouzzadeh and Ansari, 2017; Fernández-Sáez et al., 2016; Tuna and Kirca, 2016a; Tuna and Kirca, 
2016b]. Uncountable list of studies utilized the differential nonlocal theory in investigating the mechanics 
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of nanostructures [e.g. Lu et al., 2006; Reddy, 2007; Shaat, 2015; Lu et al., 2007; Zhang et al., 2017; Liew 
et al., 2017].  
Another group of nonclassical theories is the strain gradient and couple stress theories. Mindlin [Mindlin 
1964, 1965; Mindlin and Eshel, 1968] has proposed the strain gradient theory for linear elastic continua in 
which the strain energy depends on the infinitesimal strain as well as its gradients. Moreover, the couple 
stress theory [Mindlin and Tierestan, 1962; Toupin, 1962] has been developed such that the internal energy 
depends on the strain and the first-order rotation gradient. An extension of the couple stress theory by 
developing the second rotation gradient theory was proposed by incorporating the 2nd-order rotation 
gradient [Shaat and Abdelkefi, 2016].   
In fact, the field of applied nonlocal mechanics suffers from misleading information. For example, it is 
thought that nonlocal models only account for softening behaviors of materials. The strain gradient and the 
couple stress theory, on the contrary, only account for hardening behaviors of materials. Thus, it is thought 
that the nonlocal parameter of the nonlocal theory and the length scales of the strain gradient and couple 
stress theories describe different material characteristics [e.g. Lim et al., 2015]. This motivated some 
researchers [e.g. Lim et al., 2015; Attia and Mahmoud, 2016] to combine the nonlocal theory with the strain 
gradient and/or the couple stress theory in a unified model. It was thought that these unified models give 
the flavor of combining the softening and hardening mechanisms. However, these attempts should be 
revised for their feasibilities.  
It was thought that Eringen’s nonlocal model of linear elasticity can be generalized by the attempt 
proposed by Lim et al. [2015] by developing a nonlocal strain gradient theory in which the strain energy 
function depends on two independent integral operators for the infinitesimal strain and its first-order 
gradient. In fact, this attempt needs to be revised for its feasibility. Lim, Zhang and Reddy [2015] claimed, 
“nonlocal elastic models can only account for softening stiffness with [an] increasing nanoscale 
parameter.” Then, they added, “the stiffness enhancement effect, noticed from experimental observation[s] 
and as well as the gradient elasticity (or modified couple stress) theories cannot be characterized,” by the 
nonlocal theory, they meant. Moreover, they mentioned, “Many related research works have been 
performed to model the static and dynamic problems based on various gradient theories and all the results 
showed a stiffness enhancement effect with an increase of the gradient coefficients.” Accordingly, they 
concluded, “the length scales present in Erinegn’s nonlocal elasticity model and the strain gradient theories 
describe two entirely different physical characteristics of materials and structures at nanoscale.” 
Therefore, they literally mentioned, as the main motivation behind their proposed theory, “There is a need 
to bring both of the length scales into a single theory so that the true effect of the two length scales on the 
structural response can be assessed.”  
It follows from these quotations that the nonlocal strain gradient theory was proposed with the aim of 
developing a unified model that can account for the softening and hardening behaviors of materials. 
However, in fact, the hardening and the softening behaviors of materials can be captured by either the 
nonlocal theory or the strain gradient theory and no need to merge them in a single model. In this study, a 
proof for this fact is presented.  
In this communication, the fact that each of the nonlocal elasticity theory and the strain gradient theory 
can reflect, both, softening and hardening behaviors of materials is demonstrated. Moreover, it is revealed 
that these two theories describe the same physical phenomena and cannot be merged in a unified theory. 
This argues against the claims by Lim et al. [2015] and Attia and Mahmoud [2016] and demolishes the 
concept of the nonlocal strain gradient.  
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2. The nonlocal theory models softening and hardening behaviors  
Referring to Eringen’s book, “Nonlocal continuum field theories,” [Eringen, 2002, p. 99], the 
nondimensional wave frequency, ഥ߱/ܿ଴̅, can be written in the context of the nonlocal elasticity theory as 
follows: 
ഥ߱
ܿ଴̅
= ത݇ඨ 11 + ߚത݇ଶ + ߜ ത݇ସ (1)  
where ത݇ denotes the nondimensional wave number. ߚ and ߜ are two nondimensional nonlocal parameters.  
When ߜ = 0 and ߚ = ߬ଶ, the dispersion relation (1) recovers the one presented in Lim et al. [2015] for 
Eringen’s nonlocal theory. As stated by Eringen [2002, p. 99], for better fitting with the dispersion curves 
of materials, ߚ and ߜ may possess negative or positive values. However, researchers have confined the use 
of these nonlocal parameters to ߜ = 0  and ߚ = ߬ଶ > 0 . In fact, utilizing these two parameters and 
considering their possible negative and positive values, the nonlocal theory can reflect, both, hardening and 
softening behaviors of materials, as shown in Figure 1. The nonlocal theory can reflect the softening 
behavior (the decrease in the nondimensional wave frequency) when ߚ > 0 and ߜ = 0, ߚ ≥ 0 and ߜ > 0, 
or ߜ + ߚ ≥ 0 and ߜ < 0 . On the other hand, the nonlocal theory depicts the hardening behavior (the 
increase in the nondimensional wave frequency) when ߚ < 0 and ߜ = 0, ߜ + ߚ ≤ 0 and ߜ > 0, or ߚ ≤ 0 
and ߜ < 0. Indeed, Figure 1 demonstrates that the nonlocal theory can give all the possible configurations 
of the dispersion curves. This contradicts with the claims that the nonlocal theory can only reflect softening 
behaviors of materials and nanostructures.   
 
Figure 1: The nonlocal theory can reflect softening and hardening behaviors of materials. This theory depicts all the 
possible configurations of dispersion curves. 
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Figure 2: The strain gradient theory can reflect softening and hardening behaviors of materials. This 
theory depicts all the possible configurations of dispersion curves. 
 
3. The strain gradient theory models softening and hardening behaviors  
Referring to Mindlin [1965] and Shaat [2017], the dispersion relation can be written according to the 
strain gradient theory (up to the second-order strain gradient) in the form: 
ഥ߱
ܿ଴̅
= ത݇ට1 + ݈ଵଶ ത݇ଶ + ݈ଶସ ത݇ସ (2)  
where ݈ଵ and ݈ଶ are two nondimensional length scales. When ݈ଶ = 0 and ݈ଵ = ߦ, the dispersion relation (2) 
recovers the one presented in Lim et al. [2015] for the strain gradient theory.  
It should be mentioned that Mindlin has clearly stated that the length scales may possess real or complex 
values (i.e. ݈ଵଶ, ݈ଶସ 	≥ 0 or ݈ଵଶ, ݈ଶସ ≤ 0) [Mindlin, 1965, p. 424; Mindlin and Tiersten, 1962, p. 416]. However, 
the use of these length scales in the literature was only confined for the real values. Shaat [2017] 
demonstrated that the real and complex forms of these length scales are needed in order to give the strain 
gradient theory the ability to model the softening and hardening behaviors of materials and nanostructures. 
As shown in Figure 2, utilizing all the possible forms of the length scales, the strain gradient theory can 
reflect both hardening and softening behaviors of materials and nanostructures. The strain gradient theory 
reflects a softening behavior when ݈ଵଶ < 0  and ݈ଶସ = 0 , ݈ଵଶ + ݈ଶସ ≤ 0  and ݈ଶସ > 0 , or ݈ଵଶ ≤ 0  and ݈ଶସ < 0 . 
However, the strain gradient theory gives a hardening behavior when ݈ଵଶ > 0 and ݈ଶସ = 0, ݈ଵଶ ≥ 0 and ݈ଶସ >0, or ݈ଵଶ + ݈ଶସ ≥ 0 and ݈ଶସ < 0. As depicted in Figure 2, the strain gradient theory can give all the possible 
configurations of the dispersion curves. This, as well, argues against the claims that the strain gradient 
theory can only give the hardening behaviors of materials and nanostructures.   
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4. The strain gradient theory is a nonlocal theory  
To demonstrate the fact that the nonlocal theory and the strain gradient theory describe the same physical 
phenomena, different dispersion curves as obtained by these two theories are plotted in Figure 3. As shown 
in the figure, the strain gradient theory can exactly fit the nonlocal theory when the length scales, ݈ଵ and ݈ଶ, 
are properly related to the nonlocal parameters, ߚ and ߜ, [Shaat, 2017]. Indeed, the two theories can reflect 
the dispersive nature of the acoustic dispersion curves of materials, as shown in Figure 3. This demonstrates 
the fact that the strain gradient theory is a nonlocal theory where it accounts for the non-neighbor 
interactions exactly the same as the nonlocal theory [Shaat, 2017]. Hence, the strain gradient theory cannot 
be merged with the nonlocal theory in a unified model.  
 
Figure 3: The nonlocal theory and the strain gradient theory describe the same physical phenomena. 
These two theories give the same dispersion curves. (Dispersions as obtained by the nonlocal theory are 
presented by dark solid curves while the dispersions as obtained by the strain gradient theory are 
depicted by open circles).  
 
5. Conclusions  
It follows from the derived results and the presented discussions that the nonlocal strain gradient theory 
[Lim et al., 2015] and the nonlocal couple stress theory [Attia and Mahmoud, 2016] are physically incorrect. 
It was demonstrated that the strain gradient theory can present the same phenomena exactly the same as the 
nonlocal theory. Moreover, both theories can reflect the softening and hardening behaviors of materials.  
The nonlocal strain gradient theory has been utilized in various studies including [e.g. Li et al., 2015; 
2016a; 2016b; Li and Hu, 2015; Ebrahimi and Barati, 2016; 2017; Farajpour et al., 2016]. Although of the 
wide spread of this theory among researchers, it is not physically possible to combine the nonlocal theory 
with the strain gradient theory nor the couple stress theory in unified models. Therefore, these studies should 
be revised for their feasibility.  
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